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This week’s lecture put the consumer problem to work. We solve it for the CES family, we look at
the cases where the tangency recipe misleads you, and we introduce the indirect utility function.
All three come up constantly once we start doing comparative statics, so the exercises are worth
grinding through carefully.

A note on the sign convention. The lecture defines the marginal rate of substitution as the
slope of an indifference curve with x on the horizontal axis,

The budget line has slope —p/q. Tangency means the two slopes are equal, which is the same as
Uy /uy = p/q. Keep the minus sign whenever you are asked for the MRS itself; the sign is part of
the answer.

1 The CES Family and Its Special Cases

The lecture worked with the CES utility

u(z,y) = (az’ + By*)"/".

One functional form nests the three shapes you already know, indexed by p:

e p — 0: Cobb-Douglas, u o< 2%y®. Constant budget shares.
e p = 1: perfect substitutes, u = ax + By. Straight indifference lines, generically a corner.
e p — —oo: perfect complements (Leontief), v = min{z, y}. L-shaped, a kink.
The sign of p tells you the substitution pattern: p > 0 the goods are (net) substitutes, p < 0

they are (net) complements. Keep p < 1 so preferences are convex and the tangency you find is a
maximum. That last clause is the bridge to the next section.

*These notes are a consolidation of the notes of Dan Acland, Ivan Balbuzanov, Mariana Carrera, Justin Gallagher,
Anne Karing, Matt Leister, Sam Leone, Nicholas Li, Pablo Munoz, Yassine Sbai Sassi, Jon Schellenberg, Katalin
Springel, Jonas Tungodden, David Wu, Sam Wang, and Matteo Saccarola.



2 When the Tangency Recipe Misleads You

The recipe “set MRS equal to the price ratio and solve with the budget” finds the right answer
only when the optimum is interior and preferences are convex. Three cases break it, and each is a
favorite trap.

1. Non-convex preferences (the tangency is a minimum). If preferences are concave to
the origin (for CES this is p > 1), the interior stationary point the FOCs hand you is the worst
affordable bundle, and the maximum is a corner. The tell is the second-order condition: a bordered
Hessian with det H < 0, or simply that utility is higher at a corner than at the tangency point. A
clean example is u = 22 + y?: the FOCs point to the middle of the budget line, which is the closest
point to the origin, i.e. the minimum, and the maximum is at whichever corner is cheaper.

2. Corner solutions from a baseline good. When one good enters with an additive baseline,
e.g. u = z(y + a), low income drives y* to zero and the tangency formula returns a negative y*,
which is nonsense. You then set y = 0 and spend everything on . Always check that the interior
bundle you computed is actually nonnegative.

3. Multiplicity. With perfect substitutes and a price ratio exactly equal to the marginal-utility
ratio (p/q = «/B), every bundle on the budget line is optimal. Off that knife-edge you get a unique
corner.

3 The Indirect Utility Function

Plug the Marshallian demands back into utility:

v(p,q, M) = u(z*(p,q, M), y*(p,q, M)).

This is the best utility attainable at those prices and income. Three properties, all from the lecture:

e Increasing in M: a bigger budget set cannot lower the maximum.
e Decreasing in each price p;: a smaller budget set cannot raise it.

e Homogeneous of degree zero in (p,q, M): scaling all prices and income together leaves the
budget set, hence the optimum, unchanged.

The key comparative static comes from the envelope theorem applied to the Lagrangian £ = u +
MM — pz — qy):
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So A, the multiplier from Section 3, is the marginal utility of income: one extra dollar raises
maximized utility by about A. (Dividing the two gives * = —(9v/0dp)/(0v/OM ), which is Roy’s
identity; you will see it named next week.)



4 Exercises

Exercise 1 (the full pipeline on Cobb—Douglas)

Let u(z,y) = /zy with prices p,q > 0 and income M > 0.

(a) Compute the marginal utilities and the MRS (with its sign).

(b) Set up the Lagrangian, write the first-order conditions, and solve for the Marshallian demands
z*(p,q, M) and y*(p,q, M).

(c) Find the indirect utility v(p, ¢, M) and the multiplier A. Verify that dv/OM = A.

(d) Without redoing the algebra, state the demands for u = a1 /3y2/3.

Exercise 2 (a corner solution)

A consumer has u(z,y) = z (y + 5) with prices p,¢ > 0 and income M.

(a) Assume an interior solution and use tangency plus the budget to find z* and y*.
(b) For which incomes is that interior solution valid? What goes wrong below the threshold?

(c) Give the optimal bundle when income is below the threshold.

Exercise 3 (transforms and perfect substitutes)

(a) A consumer’s preferences are represented by u(x,y). Show that maximizing v = e* subject
to the same budget yields the same demands. What about w = —12u? Explain the general
principle.

(b) Now let u(z,y) = 2z + y (perfect substitutes) with prices p,q > 0 and income M. Find the
optimal bundle as a function of prices, and identify the price ratio at which the solution is not
unique.
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